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Research problems 
The purpose of the research problems section is the presentation of unsolved 
problems in discrete mathematics. Older problems are acceptable if they are not 
as widely known as they deserve. Problems should be submitted using the format 
as they appear in the journal and sent to 
Readers wishing to make comments dealing with technical matters about a 
problem that has appeared should write to the correspondent for that particular 
problem. Comments of a general nature about previous problems should be sent 
to Professor Alspach. 
Professor Brian Alspach 
Department of Mathematics and Statistics 
Simon Fraser University 
Burnaby, B.C. 
Canada V5A lS6. 
Problem 145. Posed by Zhu Lie. 
Correspondent: Zhu Lie 
Department of Mathematics 
Suzhou University 
China. 
A cyclic triple (a, b, c) is a 3-tuple that contains the ordered pairs (a, b), (b, c) 
and (c, a). A Mendelsohn triple system of order Y, or MTS(v), is a v-set S 
together with a set of cyclic triples on S, so that every ordered pair of distinct 
elements of S is contained in precisely one cyclic triple of T. A resolvable 
IKE(v), or RMTS(v), has the further property that T can be partitioned into 
Y- 1 classes T,, . . . , Tv_-1, each of which contains v/3 cyclic triples that partition 
S. An RMTS(v) (S, T) has an RMTS(w) (S’, T’) as a subsystem if S’ c S, T’ c T 
and there is a resolution T,, . . . , TV_, of T and a resolution TI, . . . , T:_, of T’ 
satisfying TI c z for 16 i c w - 1. 
Question. For all positive integers Y and w satisfying Y, w =O (mod 3), Y 2 3w 
and w # 6, does there exist an RMTS(v) having an RMTS(w) as a subsystem? 
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Without the constraint on resolvability, the analogous question for MTS(v) is 
settled in [l]. In addition, the related question for resolvable Steiner triple 
systems is settled in [2]. 
References 
[l] D.G. Hoffman and C.C. Lindner, Embeddings of Mendelsohn triple systems, Ars Combin. 11 
(1981) 265-269. 
[2] R. Rees and D.R. Stinson, On the existence of Kirkman triple systems containing Kirkman 
subsystems, Ars Combin. 26 (1988) 3-16. 
Problem 146. Posed by Helmut Siemon. 
Correspondent: Helmut Siemon 
Sonnenrain 17 
W-8701 Reichenberg 
Germany. 
The existence of cyclic Steiner quadruple systems of order 2p, p a prime with 
p=53 or 77( mod 120) (we speak of admissible primes), is reduced to the 
following number-theoretic claim in [l]. Consider the Galois field GF(p) as the 
residue class ring modulo p. Let R = { 1, 2, . . . , p - l} be representatives of the 
elements of GF(p)*. For a, b E R, define the closed interval [a, b] to be {x: x E P 
and a <x c b}. Let Z, = [2, (p - 3)/2] and define (x-l)* to be x-l if x-l E Z2 and 
to bep-l-x-’ otherwise. Using this definition, define equivalence classes in Z, 
by K(X) = {x, (x-l)*, (-(1 +x)-l)*}. A n interval [a, b] is said to be complete if it 
is properly contained in Z2 and if all elements of K(X), for x E [a, b], also belong 
to z,. 
Conjecture. There are no complete intervals for an admissible prime. 
The conjecture has been verified [l] for all admissible primes less than 500,000. 
Reference 
[l] H. Siemon, On the existence of cyclic Steiner Quadruple Systems SQS(2p), Discrete Math. 97 
(this Vol.) (1991) 377-385. 
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Problem 147. Posed by Brian Alspach. 
Correspondent: Brian Alspach 
Department of Mathematics and Statistics 
Simon Fraser University 
Burnaby, B.C. 
Canada V5A 156. 
Let D be a pair-wise balanced design and let G(D) denote the block-intersection 
graph of D, that is, the blocks of D are the vertices of G(D) and two such 
vertices are adjacent if and only if the corresponding blocks have non-empty 
intersection. A graph G with n vertices is said to be edge-pancyclic if for every 
edge e of G and every integer k, 3 c k s n, there is a cycle of length k in G 
containing the edge e. If D is a pairwise balanced design with A = 1, is the graph 
G(D) edge-pancyclic? 
Reference 
[l] B. Alspach and D. Hare, Edge-pancyclic block-intersection graphs, Discrete Math. 97 (this Vol.) 
(1991) 17-24. 
Problems 148-149. Posed by Dieter Jungnickel. 
Correspondent: Dieter Jungnickel 
Mathematisches Institut der Justus-Liebig-Universitat Giessen 
Arndtstr . 2 
W-6300 Giessen 
Germany. 
Problem 148. Recall that a graph X is called a Cuyley graph if it admits a regular 
group G of automorphisms [l]. This is easily seen to be equivalent to the usual, 
more technical definition which runs as follows. Let G be a group and S be a 
subset of G satisfying S = S-l and 14 S, where 1 denotes the identity of G. Then 
the Cayley graph X = X(G; S) based on G and with symbol S satisfies V(X) = G 
and gh E E(X) if and only if g-‘h E S. Note that G acts on X by left translation. It 
is easily seen that X is connected if and only if S generates G. We refer the reader 
to [4] for more information on Cayley graphs. 
It is an interesting open problem whether or not any connected Cayley graph 
on an even order group has a l-factorization. Stern and Lenz [2] have proved this 
to be true when the group is cyclic of even order. Stong [3] later proved the 
corresponding result for even order abelian groups, 2-groups, dihedral groups and 
some other more specific results. Since the general case remains open (and is 
presumably quite difficult), we ask the following specific question. 
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Question. Does every connected Cayley graph on an even order nilpotent group 
admit a l-factorization? 
References 
[l] G. Sabidussi, On a class of fixed-point-free graphs, Proc. Amer. Math. Sot. 9 (1958) 800-804. 
[2] G. Stern and H. Lenz, Steiner triple systems with given subspaces: Another proof of the 
Doyen-Wilson theorem, Boll. Un. Mat. Ital. A 17 (5) (1980) 109-114. 
[3] R.A. Stong, On 1-factorizability of Cayley graphs, J. Combin. Theory Ser. B 39 (1985) 298-307. 
[4] H.P. Yap, Some Topics in Graph Theory (Cambridge Univ. Press, Cambridge, 1986). 
Problem 149. See the preceding problem for definitions. We note that even 
though a Cayley graph on a group G may admit a l-factorization, it may not 
admit a l-factorization that is invariant under the action of G (which would seem 
to be a desirable property). For example, the complete graphs Kh, with 12 = 2’, 
do not admit a l-factorization which is invariant under the action of the cyclic 
group of order 2L[1]. This leads to the following question. 
Question. Under what conditions does a connected Cayley graph on an even 
order group G admit a G-invariant l-factorization? What can be said if we restrict 
ourselves to abelian groups? In particular, which circulant graphs admit cyclic 
1-factorizations? 
Reference 
[l] A. Hartman and A. Rosa, Cyclic 1-factorizations of the complete graph, European J. Combin. 6 
(1985) 45-48. 
Problems 150-151. Posed by V.D. Tonchev. 
Correspondent: V.D. Tonchev 
Institute of Mathematics 
Bulgarian Academy of Sciences 
P.O. Box 373 
Sofia 1090 
Bulgaria. 
Problem 150. A unital of order q is a 2-(q3 + 1, q + 1, 1) design. A natural 
question to ask is when can a given unital be extended to a Steiner 3- 
(q3 + 2, q + 2, 1) design by adjoining one new point to all blocks and adding the 
required number of new blocks being (q + 2)-subsets of the point set of the initial 
unital. A well-known necessary condition for extendability of a t-design on Y 
points, block size k and b blocks to a (t + 1)-design on Y + 1 points and block size 
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k + 1 is that b(v + l)l(k + 1) must be an integer. Applied to the parameters of a 
unital, the preceding condition yields the following result. 
Proposition. Zf a unital of order q is extendable, then q is one of 2, 4, 5, 6, 10, 12, 
19, 22, 26, 40, 54, 82, or 166. 
Proof. In this case, the number of blocks is q*(q* - q + l), and since 
(q3 + 2)q2(q2 - q + 1) = (q + 2)(q6 - 3q5 + 7q4 - 12q3 + 22q* - 42q + 84) - 168, 
q + 2 must divide 168. The result now follows,. Cl 
Unitals are known to exist for any prime power order, and the first unital of 
nonprime-power order (namely, of order q = 6) recently has been constructed 
independently by Mathon, and Bagchi and Bagchi. Therefore, a known unital 
which possibly could be extendable has to be of order q = 2, 4, 5, 6, or 19. The 
unique unital of order 2, or equivalently, the affine plane of order 3, is 
consecutively extendable to a 3-(10,4, l), 4-(11,5, 1) and 5-(12,6, 1) design, 
giving the small Witt designs in this way. No further examples of extendable 
unitals are known. This leads to the following question. 
Question. Are there any extendable unitals of order greater than 2? 
Problem 151. See the preceding problem for Definitions. As in the case of order 
2, we note that many of the parameters from the proposition of Problem 150 
admit a high degree of divisibility. For instance, for q = 5 one might expect an 
extension to a 3-(127,7, l), 4-(1288, l), 5-(129,9,1) and 6-(130,10,1) design. 
We remark that no 3-(Y, 7, 1) design is even known at present. 
Similarly, a putative unital of order 10 possible could be extendable up to a 
14-(1013,23,1) design, and a unital of order 6 up to a 37-(252,42,1) design! 
Here we have an analogy with the parameters of the unital of order 2 and those 
of the small Witt 5-design: 
5 - (12, 6, 1) = (2’ + 1)(23 + 2*, 2* + 2, 1). 
Likewise, 
37 - (252,42,1) = (6* + 1)(63 + 62, 6* + 6,1). 
This raises the following question. 
Question. For which m is the parameter set (m’+ l)-(m’+ m2, m2 + m, 1) 
admissible, that is, satisfies the necessary divisibility conditions for a Steiner 
system? 
